SURFACES IN MOBIUS GEOMETRY
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To Chiu and Ya-Ya § 0. Introduction Our purpose in this paper is to give a basic theory of Mόbius differential geometay. In such geometry we study the properties of hypersurfaces in unit sphere S n which are invariant under the Mόbius transformation group on S\ Since any Mόbius transformation takes oriented spheres in S n to oriented spheres, we can regard the Mόbius transformation group G n as a subgroup MG n of the Lie transformation group on the unit tangent bundle US n of S n . Furthermore, we can represent the immersed hypersurfaces in S n by a class of Lie geometry hypersurfaces (cf. [9] ) called Mόbius hypersurfaces. Thus we can use the concepts and the techniques in Lie sphere geometry developed by U. Pinkall ([8] , [9] ), T. Cecil and S. S. Chern [2] to study the Mόbius differential geometry.
We will study in detail the surface theory in Mόbius geometry. The same method can be easily generalized to high dimensional cases. We give a complete Mόbius invariant system for any immersed surface without umbilic point in S 3 which determines this surface up to Mόbius transformations. Moreover, given any such Mόbius invariant system we can obtain the corresponding Mόbius surface by solving a linear PDE determined by this invariant system.
An immediate application of our theory is the classification of Dupin surfaces in E s under the conformal transformation group. We show that up to the conformal transformations a Dupin surface in E 3 is a part of a revolution torus, a right circular cylinder or a right circular cone.
Mόbius geometry has a close relation with the famous Willmore conjecture. An elegant application of Mόbius geometry was given by R. L.
Bryant [1] In this section we review some basic concepts and facts concerning the surfaces in Lie sphere geometry. For detail we refer to Cecil and Chern [2] and Pinkall [9] . 
Oriented spheres and Lie transformations
where A is the set consisting of all projective lines on Q. Thus A has the unique differential structure such that L is a diffeomorphism. We call L Lie diffeomorphism. Let 0(4, 2) be the orthogonal group preserving the inner product < , ) in (1.1). Then 0(4, 2) is a transformation group of 0 denned by
where xA is the product of two matrices x and A. Since any element of 0(4, 2) carries projective lines on Q to projective lines on Q, 0(4, 2) = 0(4, 2) mod(± 1) is naturally a transformation group of A. By a theorem of Pinkall in [9] we know that the mapping Ad(L) :φ-+LφL~ι is an isomorphism from Lie transformation group of US 3 to O(4, 2) of A. We call O(4, 2) the Lie transformation group of A.
Legendre surfaces, curvature spheres and curvature vectors
Let λ : M-> A be an immersion of surface. We write L" 
It is clear that the unit curvature vector (E u E 2 ) is determined by (α, b) up to signs.
Lie sphere geometry
In Lie sphere geometry we study the invariants of immersed surface f = (x, h) : M -> US Z with dx-n = 0 under the Lie sphere transformation group of US\ By the above discussion we know that this geometry is equivalent to the geometry of Legendre surface λ -Lof:M-^A under the transformation group Q(4, 2) of A.
For any Legendre surface λ we can construct a moving frame in JR 6 along M by using the curvature sphere representation and its unit curvature vectors. Since O(4, 2) or 0(4, 2) is linear, we can use the same method as we do in euclidean geometry or affine geometry to give the Fundamental theorems for Lie geometry surface. In this paper we will use this idea to give the surface theory for Mobius differential geometry. §
Mobius surfaces and Mobius transformations
In this section we introduce some basic concepts in Mobius geometry in terms of the concepts in Lie sphere geometry.
Let G 3 be the Mobius transformation group of S\ We identify a e G 3 with the diffeomorphism a f : US* -> US* defined by
I α<71 / Since </' carries oriented spheres to oriented spheres, it is a Lie transformation. Thus G 3 can be regarded as a subgroup of the Lie transformation group of US S , and then MG Z = LG z L~ι is a subgroup of Lie transformation group 0(4, 2) of Λ, where L is the Lie diffeomorphism. Let x:M-> S 3 be an oriented surface without umbilic point and n the unit normal of x which gives the orientation. Let k, h be the principal curvatures for x. Then λ = Lo(χ, n) : M-> A is a Legendre surface, and (a, b) define by
is a curvature sphere representation for λ. Proof. By (1.5) and (1.7) we have
Thus (1.6) and (2.5) imply
To prove Proposition 2.7 it suffices to show that <£Ί(6), E 2 (a)} = 0. Let /, g be the smooth functions on M such that E ί E 2 -E 2 E ί = [E u E 2 ] = /+ gi?2j then we get from (2.5) that
Thus we have
27ιe proof of Theorem 2.6. Let (α, 6) and (ίJ 1? E 2 ) be as in Proposition 2.7. Let (θ u θ 2 ) be the dual basis for (E u E 2 ). We write L~λ o ^ = (x, n), α = (α ; , A, 1) and 6 = (6 / , /ι, 1). Then we have 
(a)) , Ψ = {E.E^b), E^φ)) .
We will show that Φ + Ψ = 1 and (E u E 2 , Φ) forms a complete Mobius invariant system for Mobius surfaces. First we come to list the relations among the Mobius invariants E u E 2y Φ, Ψ. Let /, g be smooth functions on M such that
We denote u % -E^u), i = 1, 2. Then d^ = j^iz^. By exterior differential we get Now we compare the Mόbius invariants for the immersed surface x : M -> <S 3 with the euclidean invariants. Let /?, Λ be the two principal curvatures for x corresponding to the unit curvature vector fields e u e 2 respectively. We denote by u t the directional derivative e,(u) and dx 1 the induced euclidean metric for x. Then we have
Similarly from (3.4)', (3.7)' and (3.5) we get (3.10) d, = -(τ n + 2S,T + AST, + 4S 2 T + -ΨT)a
4ST, + 4S 2 T+ FT + -
Let V be the area functional with respect to the Mδbius metric. The critical points of V are called the Mδbius minimal surfaces or the Wίllmore surfaces, which can be defined by the Euler-Lagrange equation a, b, a 2 , b u c, d) . By (3.14) we know that for any u : M-> R 6 we have the formula
Using (3.14), (3.10) Similarly from (3.14), (3.9)', (3.6)' and (3.5) we get
So we have the following structure equations for the Mόbius surface λ:M-+Λ: Proof. As well-known the integrability conditions for (4.4) are given by the equations
It is straightforward to check from (4.4) that (4.8) is equivalent to (4.6) and (4.7).
Q.E.D.
Now let M be a simply connected surface, (E u E 2 ) a basis for TM, (S, T) the smooth functions defined by (4.5) and Φ 6 C°°(M). Q.E.D.
In particular, we have <α, α) = <α, 6) = <6, 6) = 0 and {da, 6) = 0. Proof. Since / and Γ are skew Lie basis, we can find B e 0(4, 2) such that IB = Γ. We write x ι = 04p(* 4 )), 1 < i < 6, and B = (A Λ, weR. By (4.10) we have p(I) = P(Γ) = P(IB), which implies that x\-v + (w -l)p(x*) = 0, 1 < i < 6. But I = (a 1 , x\ ,
) is a basis for R\ we know that v = 0 and it; = 1. Then w = 0 follows from the fact that B e 0(4, 2), so we have £ e MG 3 .
Now we can state the fundamental theorems for Mδbius surfaces in Λ. = arctg(VΦ -1) Fig. 3 .
We note that the surfaces in Figures 1, 2 
